The constitutive equation for the elastic reptating rope model is considered in the limit at which the rope becomes inextensible. It is shown that in this limit a constitutive equation is obtained which differs essentially from the Curtiss-Bird theory if the correlation length is much smaller than the contour length of the rope. This constitutive equation contains an extra term related to correlations between segments. The differences between this result and the Curtiss-Bird theory are considered, and consequences are indicated.
Introduction
In a series of papers [l-6] Curtiss and Bird (and Saab) developed a kinetic theory for polymer melts in which they extended the Doi and Edwards theory [7-lo] using a completely different theoretical starting point. Recently [ll-131 a new model was introduced ('the elastic reptating rope model') which resulted in a constitutive equation containing the Curtiss-Bird equation as a special case [13] . In this paper this new constitutive equation is considered in the limit at which the rope becomes inextensible. It is also shown that in this limit an extension of the Curtiss-Bird theory is obtained. This new constitutive equation contains an extra term due to correlations between segments. These are included in the theory since use has been made of the two segment distribution function derived in Ref.
13.
The concept of reptation, first introduced by DeGennes [14] , has proved to be very useful in modeling the complex dynamics of macromolecules in melts and concentrated solutions. Curtiss and Bird treated the reptation motion of a bead-rod chain by introducing a tensorial Stokes' law for the hydrodynamic interaction of the chain with the medium and anisotropic Brownian motion. In this paper we extend the tube model as introduced by Doi and Edwards. The molecule is represented by a continuous space curve ('rope') of contour length L. This rope is thought to be confined in a tube of the same shape and about the same cross-section. Due to the relative motion of the rope with respect to the surrounding tube a frictional force density is introduced. The molecule is considered to have a correlation length a which implies that any configuration of the molecule can be approximated by N = L/a segments of length Q. The tube segments are considered to move affinely along with the macroscopic flow.
In a previous paper [13] the elastic reptating rope model was analysed. A new constitutive equation was derived in which both long reptation times as well as shorter characteristic times related to internal relaxation modes of the rope, were included explicitly. This constitutive equation extended the result of . In the present paper we derive the constitutive equation which arises as the rope becomes inextensible. Using the two segment distribution function we analyse in detail the inextensible reptating rope model. It is shown that the new constitutive equation contains the Curtiss-Bird result as a special case. In spite of the fact that we used a completely different approach (tube model versus a full phase space kinetic description) it is of interest to notice that the constitutive equation as derived by Curtiss and Bird comes out in a natural way as a limiting case of the tube model approach, i.e. as a = L. We only added a hydrodynamic interaction between the rope and the tube to the original tube concept of Doi and Edwards. In general, the new equation contains an extra term which is related to correlation between the segments. This term becomes relevant as a -+z L.
In Section 2 we derive the constitutive equation for the case in which the rope is elastic and the relative extension small. Section 3 is devoted to the limit in which the rope becomes inextensible, and the limiting constitutive equation is derived. Finally, in Section 4 we consider the essential differences between this result and the Curtiss-Bird theory and summarize our findings.
The polymer contribution to the stress tensor for the elastic reptating rope
In this section we derive the polymer contribution to the stress tensor T(t) for the elastic reptating rope model. As was shown in Ref. 13, the polymer contribution, in the continuous limit, to the stress tensor T(t) can be written as T(t) = nNiL ds(a(s, t)e(s, t)e(s, t)) *, (2.1) where n is the number density of polymers, a(s, t) is the tension along the rope at s at time t, and e(s, t) is the unit vector tangent to the rope at s at time t. The average denoted by ( ---) * is an ensemble average of the random variable a(s, t)e(s, t) e(s, t). As we will show momentarily, a (s, t) depends on the tangent vectors e(s', t ') at positions S' along the rope at previous times t' < t. Hence the averaging in (2.1) wilI have to deal with both e(s', t') as well as e(s, t). So we need to simultaneous probability density for the tangent vectors at (s', t') and (s, t) in order to perform the averaging. This simultaneous probability density should be consistent with the independent alignment approximation adopted by Doi and Edwards. We will refer to it as the two-segment distribution function in the present paper.
The tension u(s, t) along the rope is determined by the force density f through the equation of motion. If we disregard inertial effects and consider only small extensions the force balance on an elementary rope segment reads a,+,
It is strictly one dimensional (s), consistent with the tube model. The force density f is considered to consist of two parts: a Brownian force density fB and a frictional force density fH, related to the relative motion of the rope with respect to the tube. In the case of small extensions in the rope, these two force densities can be thought independent and the reptative diffusion of segments along the rope is not influenced by this extensibility to first order. Consistent with the reptation motion which implies random back and forth movement of the rope along its own contour, the random Brownian forces act only at the ends of the rope. The constraints on the motion of the rope imposed by the surrounding tube imply shifts of inner segments to neighboring positions induced by the creation and annihilation of the end-segments. Consequently, the Brownian force density fB is zero along the rope and nonzero only at the end points. The resulting Brownian tension in the rope ua, was shown to be given by ug = kT/L in Ref. 13 (k is Boltzmarm's constant, T the temperature). Due to the constraint imposed by the tube on the motion of the rope the frictional force density fH yields a force directed along e(s, t). It is taken proportional to the difference in velocity of the rope and the velocity of the tube in the direction of e(s, t).
As was shown in Ref. 13 the total tension u can then be written as
u(s, t) = kT/L + I&, t). (2.3)
Here K is the elasticity modulus of the rope. The relative extension e( S, t) is defined with respect to equilibrium, i. 
E(S, t) = /d dt'jOL ds'+, s', t -t')e(s',

where one may derive t') . D( t') . e(s', t'), (2.6)
with time constant T( = L2{/lr2u ( 7r scales as N2 if K is interpreted as the modulus of a Gaussian chain. Hence for long polymers TV is much smaller than characteristic times related to the reptation process). Notice that e: is expressed in terms of the tangent vector at s' at time t' and the rate of strain tensor D at time t'. Through (2.3) and (2.6) the total tension u(s, t)
depends on e(s', t') and D( t ') as well and hence, in order to perform the averaging needed in (2.1) to obtain the stress tensor T(t) one needs the probability density that simultaneously e(s, t) is in some direction e and e(s', t') in some (other) direction e'. This two segment average will be discussed shortly. Combining (2.6) and (2.3) and inserting this into (2.1) yields for T(t) after some calculation
T(t) = nNkT [j L ds$e(s, t)e(s, t)>l
0 + j$ /d dt'D( t') : iL ds6
dS'K&'(S, s', t -t') X (e(s', t')e(s', t')e(s, t)e(s, t)j2].
W)
The average (e( s, t)e( s, t)) 1 involves the one segment distribution function \k(e; s, t) as derived by Doi and Edwards [9] . Within the independent ahgnment approximation it is given by 9(e; s, t) = /' is the macroscopic deformation gradient. Evaluation of this average yields exactly the Doi and Edwards result for the first term in (2.8).
The evaluation of the average (e(s', t')e(s', t')e(s, t)e(s, t)), is quite complicated. The two segment distribution function @(e, e'; s, t, s', t') which is consistent with the independent alignment assumption is needed. It is defined by Q(e, e'; s, t, s', t') = Pr(e(s, t) = e, e(s', t') = e'), (2.11) that is the probability that e(s, t) = e and e(s', t ') = e'. By definition one has
Pr(e(s, t) = e, e(s', t') = e') = Pr(e(s', t') = e')
XPr(e(s, t)=e]e(s', t')=e') (2.12) and clearly, within the independent alignment approximation, Pr(e(s', i') = e') = +(e'; s', t') de'. (2.13)
So we only need to specify the conditional probability that e(s, t) = e if e(s', t') = e'. This latter probability has two contributions. First, consistent with the tube model, the reptation concept pictures that within the course of time endsegments are created and annihilated continuously. So the probability that e(s, t) = e is partly determined by these endsegments. The endsegments created between t" and t" + dt" evolve under the reptation process and may occupy the position labeled s at time t with probability x(s, tt ") di". The original direction e" of the endsegment created at time t" has transformed affinely along with the macroscopic flow and may be directed in the desired direction e. Second, there is a similar contribution coming from all the interior segments e(s", t ') at time t '. These can also be taken to s at time t through the reptative diffusion along the rope and may have acquired the desired direction e. The condition that e( s', t') = e' only influences this contribution. Clearly the distribution of e(s", t') is influenced by the condition that at s' at time t' the segment is in the presumed fixed position e'. As 1 s" -s' 1 > a the segments will be taken independent and as 1 s " -s ' 1 < a one has the direction e ' by the conditional probability in (2.12). As t -t' B rd then the main contribution comes from the end-segments and the conditional probability in (2.12) approaches asymptotically q(e; S, t) de. However, as t -t' is of the order of rd exactly the second contribution becomes dominant. 
= (e(s', t')e(s', t')>l(e(s, t)e(s, t)>r -(e(s', t')e(s', t'))i(e(s, t')e(s, t'))l +(e(s', t')e(s', t')g(t, t', e(s', t'))g(t, t', e(s', t')))l / min(l,s'+n) X ds"q(t -t', s", s) max(O,s'--a) +(e(s', t')e(s', t'))$ ds"q(t -t', s", s) X (g(t, t', e(s", t'))g(t, t', e(s", t')))l,
where fgL ds" = /gma"(0711+a) ds" + cn,, s,+o) ds"'.
(2.14) ( 
2.15)
The function q which appears here is the transition probability density for a segment which was at s" at time t' to be at s at time t. It is given in Ref. 13 and is related to a first passage problem with two absorbing boundaries [15]. The averages on the right hand side in (2;14) are with respect to the one segment distribution function 9, taken at the appropriate position and time variables. The set of equations (2.8-2.15) together constitute an implicit prescription from which the stress tensor T can be obtained. In it we have included explicitly short characteristic times (cf. T( through E) related to internal relaxation modes in the rope, as well as long reptation times (cf. 7d included through the one segment probability density q).
In the next section we will consider the limit in which the rope becomes inextensible, i.e. we consider the limit K -+ 00. As will be clear from (2.8) this limit only affects the second term in (2.8), which represents the contribution due to the hydrodynamic interaction. As K increases, the rheological behavior becomes more and more dominated by the deformations which occurred just before the present time since TV << 1 in this case so that the function v in (2.8) becomes sharply peaked around t' = t and hence ~(3, t) is mainly determined by e-D-e for t'= t (cf. (2.6) ). This simplifies the K --) 00 limit theory greatly and an explicit constitutive equation can be derived.
The constitutive equation for the inextensible reptating rope
In this section we consider the limit K --, co, in which case the rope becomes inextensible. First we derive the polymer contribution to the stress tensor for general correlation length a. Then we consider in more detail the cases a = L and a = 0. As will be clear, we only need to focus on the two segment average in this limit. The one segment average yields the Doi and Edwards constitutive equation.
For convenience we introduce the following notation
W(s', t', s, t) =D(t'): (e(s', t')e(s', t')e(s, t)e(s, t))2.
If we transform the integration variable t ' in (2.8) as 
Lx', t -?;I, LX, t K'O 0 m2 = H(Lx', t, LX', t). (3.4)
Hence if we take the limit K + 00 under the integration, we may write (3.3) as ~~/d dxl dx'f(x, x')H(Lx', t, Lx, t), (3.5) where f(x, x') =2 g 1 sin(mlrx) sin(mrrrx'). (3.6) m=l m
It is not hard to prove that f(x, x')=Gx(l-x')
; OSXlX',
=7r2x'(l-xx)
; x'r;xSl, and in terms of s and s' one has by inspection of (2.14)
H(s), t, s, t) =D(t):
[ (e(s', t)e(s', t)e(s', t)e(s', t))I X J mNLs'+a) ds"6(s _ sII)
(3.7) (3-8)
+(eW, t)e(s', t))lf ds"(e(s", t)e(s", t)jla(s -s/t)] (3.9)
The S-function appears here because [15]
(3.10)
Upon evaluating the integrals in (3.9) one finds
H(Lx', t, Lx, t) =D(t): [(e(Lx', t)e(L.x', t)e(Lx', t)e(Lx', t))l X(19(x -max(O, x' -A)) -S(x -min(1, x' + A))) + (e( Lx', t)e( Lx', t))l x (e( Lx, t)e( Lx, t))i(l -(S(x -max(O, x' -A))
-8(x -min(1, x' + A))))], 4(" s~~PTA) +P s%+)
dt'A(t -t'; A)(eeee)o(t, t') +C_& df'jl_ dt"B(t -t', t -t"; A)(ee),(t, t')(ee>,(& f") , (3.14) I where
where it is understood that m and p on the right hand sides of (3.24,25) can take on odd positive values only. Notice that /3,,,,(A) = /?,,,(A). The total polymer contribution to the stress tensor can now be written as
where p(t--t')=+~Ld~x(~,
It contains three different terms. The first term is exactly equal to the constitutive equation of Doi and Edwards. The second term has the same form as the extra term first derived by Curtiss and Bird. However the weightfunction A is slightly different from their corresponding weightfunction. We discuss these differences shortly. The third term in (3.26) is essentially new. In appearance it resembles a 'quadratic' form of the Doi and Edwards term. It has entered the theory since we used the two segment distribution function. 'As we remarked before, K + 00 implies that the rheological behavior is mainly determined by the deformations which occurred just before the present time. However, in that case the contribution of the endsegments to the conditional probability in (2.12) becomes very small, simply because the reptative diffusion process has not moved the endsegments far enough to contribute to the probability that e(s, t) = e, for most s-values. Hence, since we implied the condition that e(s', t') = e' in (2.12) the probability density for the random variable e( s', t) will be sharply peaked around e' for the terms that contribute mainly to the stress tensor (since t -t' I TV). This of course is completely different from the one segment distribution function and results after careful calculation in the new third term in this constitutive equation. We will now consider ties of the weighting functions A and B for future reference. As one may easily verify, as A = 1, the weighting function the one given by Curtiss and Bird, i.e. since ah a,(l) = 1 some proper-A reduces to A(t-t'; l)= E 8 exp _ (t -t')(2m + 1)2 m=O 7r2(2m + 1)2 rd (3.28)
In addition the long time behavior (t -I' z+ Td) is easily seen to be independent of A. Hence, contributions of deformation processes which occurred long ago are ah weighed in the same manner as in the Curtiss-Bird theory. For short times (t -t' +Z Td), the function A varies significantly with A. To illustrate this, let us consider A(0; A) which is given by Taking x4(0; 1) -A(0; A) as a measure for the deviation from the Curtiss and Bird theory, we see that as A is decreased from 1, it has to be quite smaII before this quantity starts to build up significantly. A feature that does not become clear from this analysis is the fact that for A < l/2 the function A has a maximum for t -t' > 0 rather than for t = t', which is the case as A > l/2. This is shown in Fig. 1 , and it implies that as A is sma.II enough, processes which occurred somewhat before the present time have a slightly higher weight than processes which occurred directly before the present time. This is due to the fact that a,,,( A) is a fast oscillating function for large m, which can be negative for smaII A-values. As A is increased the where sm,p is the Kronecker delta. This implies that
B(t-t', t-t";O)=p([t-t'] +[t-t"]), (3.34)
where p is given by (3.27). The divergence of B as t + t', t + t", is thus expected to be of the same type as for p (see Refs. l-6). Finally, since the new third term in (3.26) is of a quadratic nature one may expect that the contribution of this term to the stress tensor will be small as A is quite large (> l/2). Hence, the deviations from the Curtiss-Bird theory will only be significant for relatively low A.
CorKMing remarks
We considered the elastic reptating rope model [13] in the limit in which the rope becomes inextensible. A new constitutive equation was derived (cf. eqn. (3.26)) which extends the equation obtained by . As was shown, their result, with link tension coefficient equal to l/2, is exactly reproduced if the correlation length a is equal to the contour length L of the rope. It is remarkable that a completely different theoretical approach yields in this limit the same constitutive equation. Our approach is very similar to that of Doi and Edwards. We extended their treatment by introducing a hydrodynamic interaction between the rope and the tube, and obtained a constitutive equation that contains the Curtiss-Bird equation as a special case. As was argued in Section 3, if a is of the same order as L, the deviations from the Curtiss-Bird theory will be small. The predictions of the rheological behavior of polymer melts have been found to be consistent with their theory as a/L 2 l/2 and differ significantly as a/L -c l/2 [17] .
The new term in the constitutive equation appeared as a result of an extension of the averaging procedure in obtaining the stress tensor. Rather than using the one segment distribution function as derived by Doi and Edwards we derived a two segment distribution function consistent with the independent alignment approximation. Without this extension one would only reobtain the Curtiss and Bird constitutive equation [ll] . 
